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Computational chemistry: Accuracy vs. efficiency

 Electronic Schrodinger equation — exact in principle, impossible to
solve exactly 1n practice
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Electronic structure problem
____________________________________________________________________ O e
Basis |x) Energy E
Molecule ./ Hamiltonian H Ay = Elw) Wave function y(X)
H T T H e e e
Lo Hy( M) Wp(X)

Ab-1nitio: exact 1, approximate £ (coupled clusters, quantum

Monte Carlo)

Semi-empirical: approximate 7, exact

theory, tight-binding, Hubbard mode

D)

(density functional

Machine learning (force fields, density functionals, wave

function ansatzes)




Variational quantum Monte Carlo

Schrodinger
equation

Basis states,
wave function

Monte Carlo
integration

Local energy

Variational
principle

Gradient descent

Markov-chain
sampling

H|y) = E|)

ly) = 2 X)) (x|y) = X wX)|w)

w|H )
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1o\ YD :
Eo(x) = ) (x|H|X) e (zero variance)

E = min,, E[y] < ming E{ys]
VoElwgl = Ey|(E (%) — ExlE(x)]) Voln|yp(x)|]

x' ~exp( —|[x = x|[/7), P(x:=x) = |px)|*/|wx)|*



Deep variational quantum Monte Carlo

def fit_wf( 0 Vok
hamil: Hamiltonian[x], ‘//”’__\\\\\
wf: Callable[[X], Psil, %O
sampler: Iterator[X], X 4 Eloc

opt: torch.optim.Optimizer,
steps: 1int,

for _ in zip(steps):

loss = (
(E_loc - E_loc.mean()).detach() = psi.log()
).mean()
loss.backward()
opt.step()

opt.zero_grad()



First and second quantization

*  Quantum states of many-particle systems must be
(ant1)symmetric for bosons (fermions) with respect to exchange
of particles

«  Two ways to treat the (anti)symmetry

 N=3,K=5

First quantization

ly) = Z WXy, .o Xy) | X Xy) )I( = I(2.7,3.1,4.9)

Xy Xy coordinates X;

Second quantization (one-particle discrete basis: X — k)
n=(0,0,0,2,0,1)

|w) = Z png, ....ng) [ ny-ng) —
o O

nyng occupation numbers 7,



Electronic Schrodinger equation @
(first quantization)

.

Electron coordinates, t = (ry, ..., I'y), 3N-dimensional space

(Asymmetric) basis states are |r), antisymmetric wave function y(r)

ﬁz" _Z |r—r| _Z |r—R1|

kmetlc

electron—electron electron—nucleus

Molecule specified by atom charges Z; and coordinates R,

Local energy needs evaluation of Laplacian

| Al//(r) Z
Epoo(x) = >
loc(r) 2 W(r) Z |I‘ — I | z[: |ri_RI|




¥ Electronic Schrodinger equation
G (second quantization)

Discrete basis: orthogonal orbitals ¢, (r), k = 1,...,K

Occupation numbers n, 7, = 0,1, 3, m = N,n = {kj, ..., ky}

Antisymmetric basis states are Slater determinants,
In) = det Pr. (r;), (asymmetric) wave function y(n) =

Local energy as a sum over all Slater determinants that differ in
occupation of up to two orbitals

_ w(n’) w(n”)
Ejp(n) = Z My o T Z Vidmn ™y

n:k—l n":k,l-m,nn

hy = |dr Qk(r)<_%A -2, |r_ZIRI| ) @/(T)

(X))@, (r)e,(r)
r —r’|

Vklmn — %J drdr’ -



Intermezzo: Electron spin

» Electrons have both spatial and spin coordinates,
ri S~ R39Si € {Ta\lf}
l/j(rla S]a r29 S29 . )
- Hamiltonian has no spin, so one consider the spins fixed

l/j(rT, Tt rT ? ri o oo oo rl )9 S. = l S Nup | : ° 
N, up N, up+1 N l l‘ > Nup ‘ !

N2 '
%, C

» Antisymmetry required for same-spin electrons

» Opposite-spin exchange symmetry encodes spin state
(singlet, triplet,...)

. Slater determinants det ¢, (r;) = det gokT (rl.T) det gakl(ril)

Pauncz, Spin eigenfunctions (Plenum Press, 1979)



Real-space neural-network electronic wave functions

1. Slater determinant
Wy(r) 1= det @y o(r)), k=1,....N
2. Generalized Slater determinant

Wy(r) = detf, (), fa(@ijr) = g’ijfe(r)

3. Real-space baseline/envelope

W) = detfg(M(r) S x <N

4. Multiple Slater determinants
wo(r) = ) ¢, detf I (e)p(r)

P
Han et al., J. Comp. Phys. 399, 108929 (2019)

Pfau et al., Phys. Rev. Research 2,033429 (2020) JH, Schitzle & Noé, Nat. Chem. 12, 891 (2020)



Intermezzo: Determinant expansion curse

first quantization

O(e") DMC

second quantization

VMC sCI  AFQMC FCIQMC CC
/ 1\
OWNY | =
\@ié\?‘?%y (3%9
FN-DMC NNB NQS  ph-AFQMC CCSD.---

Carleo & Troyer, Science 355, 602 (2017)

Luo & Clark, Phys. Rev. Lett. 122, 226401 (2019)

Choo et al., Nat. Commun. 11, 2368 (2020)



PauliNet: Physics-inspired neural-network ansatz

l/ja(r) — eja(r)-l‘?/(f) Z Cp detf/ i,o(r)qo (ri)
p

Molecular orbitals & -~ C40 (v
Pi(r) := @y(r)

Neural-network and generalized 9@0
frip(x) i= &L (1)

Electron configurations
JP =7 flgi(p) =f ¢I§p) = ¢ )

Cusp corrections /\

n—e in @,(r), in via y(r)

k
(3)
O 6

00

JH, Schitzle & Noé, Nat. Chem. 12, 891 (2020)
Ceperley, J. Stat. Phys. 63, 1237 (1991)



SchNet for molecules

» Instance of a graph neural network Graph neural networks
- Original SchNet is a force field  initialize X
E({7,R}) 1= I e)
XD = g (x®, 2)
0) ._
X: = Xp
l ’ @( edge)

2" = Y, wy'(e(R; ~R)D) © by’ (x{")
X(n+1) — X(n) n g(n)(z(n))

E= Y o(x)

Schiitt et al. J. Chem. Phys. 148,241722 (2018)



SchNet for electrons in molecules

» Nodes represent electrons
* Separate same-spin, opposite-spin, and nuclear messages

» Single SchNet instance for both the Jastrow factor Jy(x)
and backflow (1)

2" = Z;ng F(e(r; = ;D) @ hy" (x")
2" = ) Wi (e(r;— RyD) © Yo,

XD = X 2 g1 (709)) 4 g (1)



PauliNet: Physics-inspired
neural-network ansatz

Deep learning

N number of electrons
NTnumber of spin-up electrons
N+ number of spin-down electrons
M number of nuclei

D, embedding dimension, electrons
D,, embedding dimension, nuclei

: Graph neural network

neural network trainable
(trainable function) array
(&
fixed mmput | |hidden
function array array
(&

'IIIIIIIIIIIIIIIIIIIIIII-
" Y X
- MxD,, NxD, .
- A 4 :
E x -
" NxD, -
r' : v 3 :
NTx3 o . . :
r! . equivariant interaction .
N¥x3 . . block "
MXx3 |= + :
: x(n+1) :
: NxD, .
: EEER IW HENR l.
\ 4 v \ 4 v
L sleetising Hartree—Fock L backflow Jastrow
cusps
Il v v vy
exp NN INY<NH|| [NTNT||| |[N¥x N+ exp
;_lel | i 1 E 1x1

:
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wave function



HF
—— MRCI+Q-F12

Capturing strong correlation

VMC [Motta et al.] =¢-- SD-SJBF
SD-SJ —&— MD-SIBF
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* Dissociation of linear
Hio as a test case of
strong correlation!

» PauliNet with 16
determinants captures
98-99% of the
correlation energy
along the dissociation

Motta et al., Phys. Rev. X 7,031059 (2017)



Targeting realistic quantum chemistry

« Barrier of the automerization of
cyclobutadiene (28 electrons) stH

b c 20 - lEH ] 1

« Strong multireferential character—

CESbH - overestinatestwo—told

« Experiment: 1.6—10 kcal/mol, MR-
CC 7-11 kcal/mol
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PauliNet with 10 determinants:
8—10 kcal/mol

« 3 days on GTX 1080 T1 GPU

I
10! 10°

iterations experiment
——- CCSD(T)
""" HE — minimum  —— MR-CC Lyakh et al., Chem. Rev. 112, 182 (2012)

----- CCSD(T) transition  mEEM PauliNet Monino et al., arXiv:2264.05098 (2022)



Excited states with deep variational QMC

min ZE[W0]+ >

J>1

1 - |<l//01|l//0,]>|

- Extra term 1n the loss function ensures orthogonality between
different eigenstates
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Pathak et al., J. Chem. Phys. 154,034101 (2021)
Entwistle, Schitzle, Erdman, JH & Noé, arXiv:2203.09472 (2022)



Excitation energy (Ha)

Oscillator strength

PauliNet for excited states

® PauliNet

DFT
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 Accurate excitation energies and
intensities of low-lying states in
molecules as large as benzene
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Exciton—phonon coupling

AR A A A

in second quantization: i=1,....N

Model for excitations in a-helix

Phonons in first quantization, R = (R, ..., Ry)
Wave function y(n, R)

7 -— X ‘yph yex—ph
Empirical Hamiltonian H:=H"+ H™ + H*™P
HX = zi (a + 'B( + ))
A A 1 2
=%, <_ i myzRiZ_l_E'“wz(Ri — Riy1) )

2m

HoPh — 2..00 bRy — Ri_y)

Local energy: Laplacian of y w.r.t. R, y for nearest-neighbor hops



Exciton—phonon neural-network ansatz

we(n, R) 1= ConvNet(( ,% )i\;l)e_z’(%)z %" X _/\

Product of a neural network and a real-space envelope

Ordinary 1D convolutional neural network



Davydov solitons

Self-trapped excitons

Singly excited Hilbert subspace

N=15
N=20

N=25
N=40
N=60

—2.22E12*"

Davydov, J. Theor. Biol. 38, 559 (1973)
GeiBl et al., J. Chem. Phys. 156, 024109 (2022)
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Summary & outlook

Deep variational QMC 1s a powerful framework to solve both
ab-1nitio and model Hamiltonians in chemistry with high accuracy

Active field: periodic systems, transferable wave functions, excited
states, pseudopotentials, diffusion QMC, better architectures

Expensive — scaling up? Benchmarks? Failure modes? Size
consistency? Optimization vs. expressivity?

Aspiration: Accurate black-box method for systems with 100+
electrons and complex electronic structure



