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Computational modeling of molecules and 
materials: What and Why?
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Computational modeling of molecules and 
materials: How?
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• Schrödinger equation – exact in principle, impossible to solve exactly 
in practice



Atoms and electrons:
Thermodynamics and electronic structure

En(R1, …, RM) → Ĥnucl

(R1, …, RN) → Ĥelec → ψn(r1, …, rN), En

electronic wave function

potential energy surface

atomic 
structure

electronic 
structurequantum 

mechanics

ĤΨn = EnΨn energy, 
forces

p ∼ e−E/kT

molecular 
dynamics

thermodynamic 
properties

electronic 
properties

• Molecules made of nuclei ( ) and electrons ( )

• Total molecular wave function

• Born–Oppenheimer approximation: separation 
of nuclear and electronic motion

RI ri

ψ(r1, …, rN, R1, …, RM)



Electronic structure problem
Eθ(ℳ)

Hθ(ℳ) ψθ(x)

Molecule ℳ Basis 
Hamiltonian 

|x⟩
Ĥ Ĥ|ψ⟩ = E|ψ⟩

Energy  
Wave function 

E
ψ(x)

• Ab-initio: exact 1, approximate 2 (coupled clusters, quantum 
Monte Carlo)


• Semi-empirical: approximate 1, exact 2 (density functional 
theory, tight-binding, Hubbard model)

• Machine learning (force fields, density functionals, wave 
function ansatzes)
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Machine learning: Data and objectives

• Human learning: World model from observation and intervention

• Machine learning: Algorithms improve from empirical evidence

• Data: Formalized empirical evidence, subset of “ground truth”

• Objective: Measure of quality of a model

• Generalization: Does the model work on new empirical evidence?



Machine learning flavors

Data Model Objective/ 
ground truth

Supervised

Unsupervised 
(generative)

Reinforcement 🔁

❓
🔥

❓

❓

+❓❓

{xi, yi} fθ : x → y ∑i |yi − fθ(xi)|2

{xi} fθ : z → x

fθ : (x, z) → y

ℒ(x)

ℒ( )🔁



Machine learning: Glorified fitting?

neural 
networks

number of 
parameters

toy models ~103

serious models >105

AlphaFold 2 ~108

GPT-3 ~1011

Mayer et al. Drawing an elephant with four complex parameters.  AJP 78, 648 (2010)

“With four parameters I can fit 
an elephant, and with five I can 
make him wiggle his trunk.”

—J. von Neumann



Bias–variance tradeoff and overfitting

@daniela_witten

• Increasing number of parameters 
eventually leads to overfitting



Regularization and high dimensionality

• Regularization—picking the most 
smooth fit

• Balestriero et al.: Learning in High 
Dimension Always Amounts to 
Extrapolation@daniela_witten



Machine learning and “double descent”

Nakkiran et al. Deep Double Descent (ICRL, 2019)Nakkiran et al. Deep Double Descent (ICRL, 2019)



Gaussian process regression

f(x) = ∑
i

yie
− (x − xi)

2

σ2

f(x) = sin(2πx)

f(x) = ∑
k

cke
− (x − xi)

2

σ2

c = K−1y, Kij = e−
(xi − xj)2

σ2



Gaussian process regression

• Straightforward generalization to multiple dimensions and 
arbitrary descriptors

• Needs good descriptors

• “Just” a linear combination – limited flexibility

• Limited to small datasets

• Largely replaced with neural networks

yj = ∑
k

Wjke
− |ξ(x)−ξ(xk)|2

σ2 ξ : → ℝn



From Gaussian processes to neural networks

y = ∑
k

Wke
− (x − xk)2

σ2

= ∑
k

Wke−(σ−1x−σ−1xk)2

= ∑
k

Wke−(W′￼kx−bk)2

= ∑
k

Wkg(W′￼kx−bk)

y = Wg(W′￼x−b)

y = Wg(W′￼g(W′￼′￼x−b′￼)−b)
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Neural networks and deep learning

• Deep neural networks are “universal approximators” 
– good descriptors unnecessary

• Cannot be optimized analytically – gradient descent

• Fast evaluation of gradients via backpropagation

• Stochastic gradient descent from minibatches 
(implicit regularization)

y = Wg(W′￼g(W′￼′￼ξ(x)−b′￼)−b) ξ : → ℝn

θ := θ−η∇θℒ(θ, {xi}i∈Bn)



Some deep learning successes

1

3

2

4



Symmetry and equivariance
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Symmetry and equivariance

• Symmetry group – set (group) of transformations  leaving an 
object  unchanged (invariant)

• Equivariant map (function) – map  from a symmetric object 
to another object that preserves symmetry

• If objects are (lists of) numbers (scalars, vectors, tensors), the 
transformations are encoded in irreducible representations

• Invariance – special case of equivariance for the trivial 
representation

g
x

f

f(Tgx) = Tg f(x)

f(Dμ(g)x) = Dν(g)f(x)

f(Dμ(g)x) = f(x)



Symmetries and equivariance in machine learning

• Without explicit treatment, ML models are not equivariant

• Poor man’s equivariance – data augmentation

• Invariance easy through invariant descriptors

• General equivariance must be built into the ML model

• Examples of symmetry preserving operations

fθ(ξ(Dμ(g)x)) = fθ(ξ(x))

v → f(|v|)v̂ xi → g(xi)∑j h(xj)



Machine learning in practice

Unke et al. Machine learning force fields. Chem. Rev. 121, 10142 (2021)

• Parameters vs. hyperparameters

• Dataset splitting



Machine-learning force fields
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• Circumvent high cost of electronic-structure methods via a 
surrogate force field model for molecular dynamics

Unke et al. Machine learning force fields. Chem. Rev. 121, 10142 (2021)



Machine-learning force fields

• Given a few thousand reference structures, energies, and 
forces, train 

• Training set needs to cover what’s sampled during MD

• interpolation vs. extrapolation?

• active learning, uncertainty, ensembles

• Cost of ab-initio MD vs dataset preparation, training, and ML 
MD

Eθ({Zi, Ri})

Unke et al. Machine learning force fields. Chem. Rev. 121, 10142 (2021)



Machine-learning force-field models

• Traditional many-body expansion

• Semi-local atomic energy expansion

• Many-body expansion of local environment

• Local environment descriptors from message passing

E({xi}) = ∑i E(1)(xi) + 1
2 ∑ij E(2)({xi, xj}) + 1

6 ∑ijk E(3)({xi, xj, xk}) + …

E({xi}) = ∑i ε(xi, {xj}j∈𝒩i) = ∑i fθ(ξ(xi, {xj}j∈𝒩i
))

ξ(xi, {xj}j∈𝒩i
) = [ξ(1)(xi), {ξ(2)(xi, xj)}j∈𝒩i

, {ξ(3)(xi, xj, xk)}j,k∈𝒩i
, …]

ξ(n+1)
i = gθ(ξ(n)

i , {ξ(n)
j }j∈𝒩i)

xi = (Zi, Ri)



Radial and angular basis for atomic environments

ξ(1)(xi) = Zi

ξ(1)(xi) = (fz(Zi))

ξ(2)(xi, xj) = [Zi, Zj, Ri − Rj]

ξ(2)(xi, xj) = [(fz(Zi)), (fz(Zj)), (φn(Rij)), (Ylm(R̂ij)]

Zi = 4

the only rotationally invariant one-atom descriptor

“one-hot encoding”

ξ(3)(xi, xj, xk) = [Zi, Zj, Zk, Rij, Rik, θjik]

ξ(3)(xi, xj, xk) = […, (φn(Rij)φn′￼(Rik)), (Ylm(R̂ij)Yl′￼m′￼(R̂ik))]

xi = (Zi, Ri)



Zoo of atomic descriptors

Musil et al. Physics-Inspired Structural Representations. Chem. Rev. 121, 9759 (2021)

• Good news – convergence towards a single framework



Simplified classification of ML force fields

Fixed descriptor Message-passing descriptor
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SOAP, FCHL,…

Behler–Parrinello, 
DeepMD, ANI,… 

SchNet, PhysNet, 
NequIP, PaiNN, 

DimeNet, 
NewtonNet,…



Example 1: 
SOAP–GAP

• Molecular dynamics: 100,000 atoms, 103-nm cell, 10 ps

• Training: PW91, <200 atoms per uc, 2,500 structures, 170,000 
atomic environments



Example 2: 
Behler–
Parrinello

• Molecular dynamics: 800 molecules, nuclear quantum effects

• Training: revPBE0-D3, 64 molecules, 1,600 structures



Example 3: 
SchNet

• Molecular dynamics: 1000 
1ps trajectories, 29 electronic 
states

• Training: CASPT2(12e,11o), 
15,000 structures



Electronic Schrödinger equation

Ĥψ(r1, …, rN) = Eψ(r1, …, rN)

Ĥ :=
N

∑
i=1

(− 1
2 ∇2

ri
− ∑

I

ZI

|ri − RI |

ĥi

) + ∑
i<j

1
|ri − rj |

• Electron coordinates: 

• Molecule specified by atom charges  and coordinates 

• Solution: eigenstates  and their energies , including 
the ground state 

• Variational principle: 

• Analytically solvable only for hydrogen atom, but many 
approximate numerical methods from quantum chemistry

(r1, …, rN) ≡ 𝔯

ZI RI

ψn En
ψ0, E0

E0 = minψ ∫ d𝔯 ψ(𝔯)Ĥψ(𝔯)

Eθ(ℳ)

Hθ(ℳ) ψθ(x)

Molecule ℳ Basis 
Hamiltonian 

|x⟩
Ĥ

Energy  
Wave function 

E
ψ (x)1 2



Machine-learned density functionals

• Density-functional theory (DFT) exact in principle, but only 
approximate functionals known in practice

• Given reference energies, learn functional? ❌

• DFT calculation involves minimization w.r.t. energy

• Given reference energies and densities, learn functional ✅

Ĥ := ∑i (ĥi + veff[n](ri)), n(r) = ∑i ϕi(r)2

veff[n](r) = ∫ dr′￼( n(r)
|r − r′￼|

+
δExc[n]
δn(r) ), Exc[n] ≈ ∫ dr ϵxc(n(r))

Eθ(ℳ)

Hθ(ℳ) ψθ(x)

Molecule ℳ Basis 
Hamiltonian 

|x⟩
Ĥ

Energy  
Wave function 

E
ψ (x)1 2



End-to-end learning with autodifferentiation

Li et al. Kohn-Sham equations as regularizer. PRL 126, 036401 (2021)



Incorporating physics improves generalization

Li et al. Kohn-Sham equations as regularizer. PRL 126, 036401 (2021)

• Only two points needed to fit dissociation of H2



Example: 
DM21

• DM21: Range-separated meta-GGA hybrid, comparable in 
accuracy and training to state-of-the-art functionals

• Exact constraints through data augmentation



Machine-learned wave functions

Eθ(ℳ)

Hθ(ℳ) ψθ(x)

Molecule ℳ Basis 
Hamiltonian 

|x⟩
Ĥ

Energy  
Wave function 

E
ψ (x)1 2

48Carleo & Troyer, Science 355, 602 (2017)



Variational quantum Monte Carlo

Schrödinger 
equation

Basis states, 
wave function

Monte Carlo 
integration

Local energy

Variational 
principle

Gradient descent

Markov-chain 
sampling

Ĥ |ψ⟩ = E |ψ⟩

|ψ⟩ = ∑x |x⟩⟨x |ψ⟩ = ∑x ψ(x) |ψ⟩

E[ψ] = ⟨ψ | Ĥ |ψ⟩
⟨ψ |ψ⟩

= 𝔼x∼|ψ(x)|2[Eloc(x)]

Eloc(x) = ∑x′￼
⟨x | Ĥ |x′￼⟩ ψ(x′￼)

ψ(x) (zero variance)

E = minψ E[ψ] ≤ minθ E[ψθ]

∇θE[ψθ] = 𝔼x[(Eloc(x) − 𝔼x′￼[Eloc(x′￼)])∇θln|ψθ(x)|]

x′￼∼ exp( −∥x − x′￼∥/τ), P(x := x′￼) = |ψ(x′￼)|2/|ψ(x)|2



Deep variational quantum Monte Carlo

def fit_wf(

    hamil: Hamiltonian[X],

    wf: Callable[[X], Psi],

    sampler: Iterator[X],

    opt: torch.optim.Optimizer,

    steps: int,

):

    for _ in zip(steps):

        x = next(sampler)

        psi = wf(x)

        E_loc = hamil.local_energy(x, wf)

        loss = (

            (E_loc - E_loc.mean()).detach() * psi.log()

        ).mean()

        loss.backward()

        opt.step()

        opt.zero_grad()


x ψ Ĥ Eloc

∇θE

x ∼ |ψ|2

θ



First and second quantization

n = (0, 0, 0, 2, 0, 1)

x = (2.7, 3.1, 4.9)

• Quantum states of many-particle systems must be 
(anti)symmetric for bosons (fermions) with respect to exchange 
of particles

• Two ways to treat the (anti)symmetry

|ψ⟩ = ∑
x1⋯xN

ψ(x1, …, xN) |x1⋯xN⟩

|ψ⟩ = ∑
n1⋯nK

ψ(n1, …, nK) |n1⋯nK⟩

First quantization

Second quantization      (one-particle discrete basis: )x → k

occupation numbers ni

N = 3, K = 5

coordinates xi



Electronic Schrödinger equation
(first quantization)

• Molecule specified by atom charges  and coordinates 

• Local energy needs evaluation of Laplacian

ZI RI

Eloc(𝔯) = −
1
2

Δψ(𝔯)
ψ(𝔯)

+
1
2 ∑

ij

1
|ri − rj |

− ∑
iI

ZI

|ri − RI |

Ĥ := −
1
2

Δ +
1
2 ∑

ij

1
|ri − rj |

− ∑
iI

ZI

|ri − RI |
kinetic

electron–electron electron–nucleus

• Electron coordinates, , -dimensional space

• (Asymmetric) basis states are , antisymmetric wave function 

𝔯 = (r1, …, rN) 3N

|𝔯⟩ ψ(𝔯)



Electronic Schrödinger equation 
(second quantization)

• Discrete basis: orthogonal orbitals 

• Occupation numbers , , , 

• Antisymmetric basis states are Slater determinants, 
, (asymmetric) wave function 

• Local energy as a sum over all Slater determinants that differ in 
occupation of up to two orbitals

φk(r), k = 1,…, K

n nk = 0, 1 ∑k nk = N n ≡ {k1, …, kN}

|n⟩ = det φkj
(ri) ψ(n) ≡ cn

Eloc(n) = ∑
n′￼:k→l

hkl
ψ(n′￼)
ψ(n) + ∑

n′￼′￼:k,l→m,n

Vklmn
ψ(n′￼′￼)
ψ(n)

hkl = ∫ dr φk(r)(− 1
2 Δ − ∑I

ZI

|r − RI| ) φl(r)

Vklmn = 1
2 ∫ drdr′￼

φk(r)φl(r′￼)φm(r)φn(r′￼)
|r − r′￼|



Determinant expansion curse

CCFCIQMCAFQMC𝒪(eN)

second quantization

𝒪(Nk)

ph-AFQMC CCSD⋯

DMC

FN-DMC

VMC

first quantization

NNB NQS

mult
ide

ter
mina

nt

multid
eter

minant

sCI

m
ultideterm

inant

~1–106 ~1–103~1–30#det



Example 1: 
PauliNet

ψθ(𝔯) := det φk(ri), k = 1,…, N

ψθ(𝔯) := det fki,θ(𝔯), fθ(𝒫ij𝔯) = 𝒫ijfθ(𝔯)

ψθ(𝔯) := det fki,θ(𝔯)φk(ri)

1. Slater determinant

2. Generalized Slater determinant

3. Real-space baseline/envelope

×



Example 2: 
Neural 
quantum states

• Instead of storing a CI vector  (FCI), sampling it stochastically 
(FCIQMC), compressing it (CC), represent it with a NN, 

cn
ψθ(n)



Summary

• Machine learning can help avoiding as well as solving electronic 
structure

• Two leading ML techniques: Neural networks and Gaussian 
processes

• Machine-learning force fields are a mature tool ready for production 
calculations

• Machine-learned Hamiltonians and wave functions are a promising 
tool, but still in the making

Eθ(ℳ)

Hθ(ℳ) ψθ(x)

Molecule ℳ Basis 
Hamiltonian 

|x⟩
Ĥ

Energy  
Wave function 

E
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SchNet for molecules

x(0)
i := Xθ,Zi

z(n)
i := ∑j

w(n)
θ (e(|Ri − Rj|)) ⊙ h(n)

θ (x(n)
j )

x(n+1)
i := x(n)

i + g(n)
θ (z(n)

i )
E := ∑i

εθ(x(N)
i )

• Instance of a graph neural network

• Original SchNet is a force field

E({Zi, Ri})

Schütt et al. J. Chem. Phys. 148, 241722 (2018) 

Graph neural networks

initialize x(0)
i

z(n)
i := ∑j p(n)

θ (x(n)
i , x(n)

j , eij)

x(n+1)
i := q(n)

θ (x(n)
i , z(n)

i )
𝒪(N2

edge)



• Nodes represent electrons

• Separate same-spin, opposite-spin, and nuclear messages

• Single SchNet instance for both the Jastrow factor  
and backflow 

Jθ(𝔯)
fθ(𝔯)

x(0)
i := Xθ,si

z(n,±)
i := ∑

±

j≠i
w(n,±)

θ (e(|ri − rj|)) ⊙ h(n)
θ (x(n)

j )
z(n,n)

i := ∑J
w(n,n)

θ (e(|ri − RJ|)) ⊙ Yθ,J

x(n+1)
i := x(n)

i + ∑±
g(n,±)

θ (z(n,±)
i )+g(n,n)

θ (z(n,n)
i )

J := ηθ(∑i x(N)
i )

fi := κθ(x(N)
i )

SchNet for electrons in molecules

Graph neural network


